A macrofounded linear stochastic discount factor:
An application to foreign exchange reserves asset
allocation

By JORGE SABAT!

(Aizenman and Glick, 2009) illustrates the social role of Central
Banks in conducting sudden stop risk-management. This policy
decision implies that a Central Bank holds a “short position” on
a complex put option on the exchange rate between the local and
the reserve currency. The main policy tool to hedge this contin-
gent liability is the reserves portfolio. In this paper I argue that
because of macroeconomic stability considerations, a Central Bank
can solve the portfolio problem using a linear stochastic discount
factor that follows |Chen et al| (1986) linear factor model. This is,
a Central Bank focus its attention on the effect of sudden stops on
GDP growth and inflation expectations, the local equity risk pre-
mium, as well as, credit and liquidity risk. In this paper I solve a
normative model of asset-liability management based on these five
risk factors. I implement the model for the case of Chile, a small
and open economy exposed to commodities.

I. Introduction

There are two theoretical arguments that justify that a Central Bank holds
reserves in a floating exchange rate economy. First, a mercantilist motive, that
imply keeping the exchange rate undervalued to promote exports. Second, pre-
cautionary motives, where reserves work as self-insurance against sudden-stop
riskE] In this paper, I mainly focus on the precautionary channel. I propose
a normative model of strategic asset allocation for a Central Bank. A decision
problem that arise from countries holding reserves for macroeconomic stability
considerations related to exchange rate misalignment’s correction, provision of
liquidity during sudden stops, as well as, the reductions in the probability of neg-
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LA long list of papers analyze these two objectives. On the mercantilist side. (Dooley et all [2003)
focus on export-oriented policies. (Rajan and Subramanian [2011)) focus on “Dutch diseases”. (Daude
et al., 2016)) see reserves as a “corrective tool”. (Rodrik, [2006} |Aizenman and Marion, 2004} |Aizenman
and Lee} 2005} 2007} |Bianchi et al.| [2012;|Jeanne} [2007; |Jeanne and Ranciere, 2011; |Benigno and Fornaro,
2012)) make the case in favor of reserves as a self-insurance against sudden-stops.
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ative economic shocks at country levelE| As a consequence of country’s reserve
policy, Central Banks hold a short position on a put option on the exchange rate
between the local and the reserve currency. Consequently, Central Banks decide
how to allocate reserves across different asset classes focusing on a set of relevant
macroeconomic risk factors, in order to hedge this contingent liability. I argue
that because of macroeconomic stability considerations, a Central Bank act as if
they believe that representative agent’s stochastic discount factor could be model
as a |Chen et al. (1986) linear factor model. This is equivalent to assume that
the relevant state variables in an intertemporal precautionary savings model a la
Merton et al.| (1973)) are approximated by the following linear risk factors: GDP
growth and inflation expectations, the local equity risk premium, as well as, credit
and liquidity risk.

In the literature only a few studies have tried to analyze the asset allocation
problem of Central Banks reserves. (Eichengreen, |2005) analyze the trade-off
between reserves diversification and the liquidity risk embebed in the reserves
portfolio. (Papaioannou et al., |2006]) analyzes the problem using a mean-variance
optimization framework with liquidity costs to estimate optimal portfolio weights
among the main international currencies. (Zhang et al., 2013) solves a portfolio
choice problem, considering a conditional value-at-risk minimization, and disap-
pointment avoidance utility maximization. (Aizenman and Glick, 2009) study
the asset allocation problem of a Central Bank that invests its reserves in order
to minimize the probability of a sudden stop. (Garcia-Pulgarin et al., [2015) solve
the asset allocation problem of a Central Bank, separating the Central Bank ob-
jective in two sub-problems. First, a Safety Tranch, comprised of liquid, almost
default-free and low volatile assets. Second, a Wealth Tranche, that aims to max-
imize the return with a broader range in the asset space and a longer investment
horizon.

The main contribution of this paper is to propose a normative model that
explicitly includes the macroeconomic stability considerations of a country. The
results presented in this paper support the idea that Central Banks and Sovereign
should shift from dollar allocations to risk allocations, using (Ilmanen and Kizer,
2012) words. As we will see, the model is flexible enough to encompass Central
Banks’ multi-objectives: minimization of the cost of holding reserves, hedging of
its contingent liability, and its capital preservation mandate. In addition to a given
set of exogenous constraints on investable assets. I implement the model using the
case of Chile, a small an open economy with commodity exposure, documenting
potential problems in the implementation, as well as, a quantitative evaluation of
the trade-offs of including derivatives in the investable asset spectrum.

The rest of the paper is organized as follows. Section 2 describes the methodol-
ogy and the model, and explains how assets and liabilities can be analyzed using

2It’s not as clear how important are the social costs of holding reserves. (Rodrik) [2006)) shows that
the cost is around 1 percentage point of GDP annually for developing nations. Similarly, (Calvo et al.,
1991)), and (Filardo and Grenvillel 2012), show that sterilized interventions are costly.
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factor models. In Section 3, the application to the case of Chile is presented.
Finally, Section 4 concludes.

II. Methodology

A. Factor Model

We start from a set of n-asset classes (fixed income, equities and currencies)
that are traded in the market. In our framework, we will assume that assets
returns follow an approximate factor structure, consistent with (Chamberlain
and Rothschild, |1982) and (Ingersoll, [1984), the generalization of the classical
arbitrage pricing theory developed by (Ross, [1976). This assumption will be
important for our empirical application, since idiosyncratic components of returns
do not need to be uncorrelated. In an approximate factor model, asset classes
returns are given by:

(1) P =c"+B"fi+e

Here ¢™ denotes a n-vector of constants, f the k-vector of systematic risk factors,
B™ a nx k-matrix of factor betas, and €} a n-vector of idiosyncratic returns. As we
mentioned above, one important characteristic of an approximate factor model is
that the covariance matrix of idiosyncratic returns does not need to be diagonal.

The literature recognizes three types of factor models: i) Macroeconomic fac-
tors, based on observable economic and financial time series; ii) Fundamental fac-
tors, created from observerable asset characteristics; iii) Statistical factors, that
are unobservable and are extracted directly from asset returns. While the empiri-
cal asset pricing literature has dedicated significant effort searching for factors, see
for example (Cochrane| 2011) and (Harvey et al., 2016). There is no one accepted
factor model able to explain the cross-sectional variation of a large variety of dif-
ferent asset classes. As a consequence, I propose different approaches to address
that problem. Firstly, we can consider the global version of two traditional factor
models, that are consider baseline models in the asset pricing literature. The
Fama-French 3 Factor Model, (Fama and French, [2012), and the Fama-French 5
factor model, (Fama and French, 2017). Secondly, I use a macroeconomic founded
model that is an adaptation of the traditional (Chen et al., |1986|). Thirdly, I an-
alyze other factors that are used by practitioners or that are statistically related
to the variation of the market value of Central Banks’ liabilities. Specifically, I
propose a factor model based on the three-factor specification that maximizes the
adjusted R-square of the time series regression of liabilities.
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B. Asset Liability Management

Following Bodie and Brire (2014) we formulate the asset liability optimization
model as follows:

(2) ma);i)gnize Elry —r]+ %(1 —p)WVarlry —r]
f

where 7, is the return of the asset portfolio, r; is the return of portfolio of
liabilities, and p > 0 is the risk aversion coefficient. Two assumptions are im-
plicit in this specification. First, Central Banks are mean-variance optimizers,
and consequently will not hedge unanticipated shocks to time varying investment
opportunities. In practice, this assumption can be defended since, for a wide
variety of preferences, hedging demands for risky assets are typically small, even
nonexistent as (Ait-Sahalia and Brandt, 2008)) and (Brandt, 2009) have shown.
Second, I assume that Central Bank optimal portfolio choice is not influenced by
Central Banks solvency or leverageE]

In this case, we can solve the unconstrained optimal factor based portfolio
analytically:

(a2l Qr,
) wj=
T -9 9
where p is a vector with factors’ expected risk premiums, €2f is the variance-
covariance matrix of the risk factors, and € is a vector that contains the covariance
between the factors and the liabilities.

C. Central Bank Liabilities

The liabilities that Central Banks hedge are intimately related with the insti-
tutional framework of the country. For example, the IMF (2014) states that, in
order to identify Central Banks’ liabilities is important to consider the amount
of debt issued, sovereign credit risk, interest rate duration and exchange rate
risk, as well as, contingent liabilities which dynamics (and size) are usually un-
observable. Specifically, we focus our attention in explicit debt, debt issued by
the Central Bank, and contingent liabilities related to the provision of foreign
exchange liquidity and financial sector solvency. While the size and the cost of
Central Bank’s debt can be measured directly from traded bonds or indirectly
from bonds issued by the Central Government, the market value of contingent
liabilities have to be estimated. Specifically, we focus in two contingent liabilities,
financial bailouts, which are related to the explicit or implicit deposit insurance.
Emergency liquidity provision in foreign currency, which is related to the access

3(Hall and Reis),[2015) analyze financial stability of central banks. The literature tends to acknowledge
that capitalization of Central Banks could affect monetary policy decisions or independence from central
governments.
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to foreign capital markets during periods of financial stress. The cost of financial
bailouts is estimated following the methodology of (Ronn and Vermay, [1986). The
main idea is that banks’ assets follow a stochastic process with a volatility that
can be estimated from banks’ stock volatility. The liability is calculated as a
put option on banks’ assets with a strike price equal to banks’ debt. In a Black-
Scholes framework, the equity value of a bank will be equal to a call option on
assets with strike price equal to the market value of debt. In this context, (Ronn
and Vermay, 1986|) derive a closed form solution for the equity value of a bank.
As the market value of assets is unobservable, the volatility of the market value
of assets is estimated from the following set of equations.

E =VN(z) — pBN(z — oyVT)

ln(LB) + 02T/2

_ P
ooV T
(4) oy = V";i |

where p is a measure of the relevant threshold of debt that will capture bank’s
defaultﬁ; oy is the volatility of banks’ assets; T is the option maturity; V and E
are the value of assets and equity respectively; N(-) is the cummulative normal
distribution function.

Finally, abstracting from the dividend payments made by banks, the cost of
guaranteeing $1 for the Central Bank will be given by:

_ In(B/V)—0aiT)/2
(5) y = UV\/TV

On the other hand, the contingent liability related with the provision of foreign
exchange liquidity is measured as a payer swaption on the spread of foreign cur-
rency borrowing. The main idea is that Central Banks provide liquidity at the
"long-run’ spread, therefore this is liability is equal to a derivative which is in the
money when high short term cost of borrowing is high. Modelling the swap rate
as the spread on foreign currency using a Vasicek model, we could estimate the
value of payer swaption with a fixed swap rate following (Hiibnerl, 1997)). The
closed form solution of a payer swaption under a Vasicek model will be given by:

4(Ronn and Vermal, [1986)) calibrate this number in 0.97.
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Alternatively, we can take an empirical approach to estimate the risk exposure
of contingent liabilities. First, the cost of financial bailout can be estimated in-
directly from the absolute value of idiosyncratic returns of the financial sector
with respect to the local stock market, taking only the returns below the 5th
percentile. Second, the contingent liability related to the provision of liquidity
in foreign currency, could be estimated as the absolute value of returns of corpo-
rate bonds in foreign currency, taking only the returns below the 5th percentile
It’s worth noting that, is assumed that financial solvency’s liability returns are
measured in local currency, while liquidity’s liability is in foreign currency.

D. Porfolio Replication

The optimal exposure to risk factors presented above, balances the return max-
imization (or yield give-up minimization) and liability hedging objectives of a
Central Bank with a coefficient of risk aversion p. Nevertheless, a Central Bank
usually is restricted to a subset of asset classes that are defined exogenously (e.g.
constitutional amendment). Given a m-subset of investable assets, the Central
Bank will replicate the optimal factor based portfolio minimizing the weighted
difference exposure to systematic risks, as follow:

(7) minq;ljr*nize [w} — wy B™ W [w} — wB™T  subject to w} >0,w} <1
Where w} is the portfolio that replicates the systematic exposure of the optimal
factor based allocation (w}); B™ is a matrix of k-factor betas for the m-subset of

k
investable assets; W is a weighting matrix with > d;; =1 and 0 < d;; < 1.
i=1
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E.  Capital Preservation

In addition to the return maximization and liability hedging objectives, (Berke-
laar et al., |2010)) and others argue that Central Banks have capital preservation
and short-term liquidity needs. In order to incorporate this third objective, I
propose a protective put approach.

The protective put strategy is implemented assuming a Black and Scholes
framework, such that a Central Bank would be able to replicate a put option
with a strike price equal to the current level of reserves (d). In this setting a put
option can be replicated shorting dp units of the underlying asset, in this case the
foreign exchange reserves with value S, given a time horizon 7. At the same time
that I invest ¢p at the risk-free rate. The dynamic replication can be formulated
analytically as follows:

(8) P = pp+ SiAp
= PV (0)N(—dz) — SeN(—d1)

Where N () is the cumulative standard normal distribution; PV (J) is equal to
the present value at the risk-free rate of the minimum safety level (J), taking an
horizon 7; di and do are the well-known expressions of the Black-Sholes formulaﬂ

Finally, the reserves at time ¢ will be allocated between the risk-free asset and
the portfolio that replicates the systematic exposure of the optimal factor based
allocation, as follows:

(9) PV(d)N(—dz) +St(1 —N(—dl))

In order to implement the protective put strategy, two important parameters
are needed. The volatility of the portfolio that replicates the systematic exposure
of the optimal factor based allocation and the put option maturity. Firstly, the
volatility of the reserves’ portfolio is estimated as the sample standard deviation
of historical returns of the proposed asset allocation. Secondly, I assume a 1 year
maturity as the relevant horizon for the Central Bank.

Finally, I propose a straightforward comparison of three competitive objectives
that Central Banks desire to attain: i) Yield-give up minimization; ii) Tracking
error with respect to the positive returns of the liabilities portfolio; iii) Minimiza-
tion of the maximum drawdown of the reserves’ portfolio. Acknowledging, that
the importance of each of this objectives can be also endogenous to the relevant
institutional factors of each country, I propose a simple starting point based on a

5 As is well known from the Black-Scholes fromula, the expressions d1 and dg are given by:

1S 1,
= n2t =
v A R G LAk
do =di — o/T

Here o is the volatility of the portfolio that replicates the systematic exposure of the optimal factor
based allocation.

di
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z-score ranking similar to one used by (Chincarini, |2006)) in stock rankings. The
main idea is that for each of the replicating portfolios, given by the liabilities
proxy and the factor model, we calculate the z-score for the specific metric, and
we calculate a total score for each of the portfolios.

ITII. An Illustration: the case of Chile
A.  Context

Chile is a small (0.38% of World GDP at PPP in 2015), open economy (60%
openness index in 2015) that is mainly exposed to commodity prices (metals and
mining represent 57% of the total exports in 2014@. The Central Bank of Chile is
an autonomous entity granted by Chile’s National Constitution. According to the
Basic Constitutional Act of the Central Bank of Chile, its main objectives are to
safeguard the stability of the currency and the normal functioning of internal and
external payments. Since 1999, the foreign Exchange policy is led by a floating
exchange rate, although the Central Bank maintained the right to intervene in
the foreign exchange markets.

Historically, the foreign exchange reserves were mainly used by the Chilean
Central Bank to maintain the external value of the currency at a fixed rate.
Nevertheless, currently the role of reserves are more related to self-insurance and
foreign liquidity, (De Gregoriol 2011Db).

Consistently with IMF’s guidelines for foreign exchange reserve management,
the Chilean Central Bank manages reserves with the following strategy: i) A lig-
uidity tranche (24% of the total reserves); ii) A medium-term tranche (61% of the
total reserves); iii) A diversification tranche (25%). These three sub-portfolios,
plus cash maintained by the Chilean Treasury in the Central Bank, and other as-
sets (special drawing rights and gold) compose the total foreign exchange reserves.
In term of currency composition, the main exposures are: US Dollar (65%), Euro
(17%), Australian Dollar (5%), and Canadian Dollar (5%). The average duration
is 25 months.

In the following subsections we summarize historical events that are relevant for
the foreign exchange reserve strategy in Chile: the 1982 Chilean Banking Crisis,
the Asian Crisis, the interventions post-floating exchange rate regime, and the
2008 Financial Crisis.

1982 FINANCIAL CRISIS

(Harberger], 1985|) documents that foreign exchange reserves were roughly US$
1 billion in 1978. At the end of 1979 they have grown up to US$ 2.3 billion,
reaching US$ 4 billion during the period 1980-1981. In mid-1981 when Chile en-
tered its worst economic crisis since the 1930s, the peg was at the fixed rate of 1
USD = 39 CLP. In June 1982, a 18% devaluation was announced and a further

6The Atlas of Economic Complexity (2014).



monthly devaluation of 0.8% was pre-announced. As of May 1983 the foreign
exchange reserves had fallen -44% in YoY basis. Given the significant exposure
to foreign exchange currency of the private sector, the currency depreciation lead
to a collapse of the financial system. The government acted trough the Central
Bank and other agencies, managing the liquidation process of financial institu-
tions, purchasing non-performing loans, creating a program of subsidized foreign
currency for debtors, mediating debt restructuring, and finally creating a recapi-
talization program called "Popular Capitalism’ that offered loans to acquire stocks
in industrial and financial institutions. (Restrepo et all 2009)) estimate that the
total cost of the 1982 Financial Crisis for the Chilean Central Bank was roughly
40% of the GDP.

ASIAN CRISIS

(Cowan and De Gregoriol, [2007) document the Chilean experience before and
after the Asian Crisis. During the 1990s, the exchange rate was pegged to a
band. During a period of significant capital inflows — given by the good economic
expectations and the high interest rate gap between local and international yields
— foreign exchange reserves grew consistently (+38% between Nov-97/Jan-96).
In 1997, when the Tom Yam Kung crisis started in Thailand, a significant outflow
from emerging markets occurred. The reaction of the Chilean Central bank was
defending the Chilean Peso, lifting the monetary policy rate from 9% to 19%,
and selling US$ 4 billion in reserves. In September 1999, after liquidating US$ 4
billion (roughly 25%) the Central Bank moved to a freely floating exchange rate.

EXCHANGE RATE INTERVENTIONS POST-FLOATING REGIME

Since the adoption of the fully floating regime in 1999, the Central Bank has
intervened the exchange market in four occasions. As (Claro and Soto, 2013)
document, in 2001 and 2002 interventions were mainly explained by the finan-
cial turmoil in Argentina and the political election in Brazil. In 2001, the in-
tervention program consisted of spot sales of US dollars, and the program was
implemented through the issuance of dollar-denominated debt. Later, in 2008
after a significant appreciation of the Chilean peso, and considering that reserves
indicators (reserves to imports; reserves to M2; reserve to GDP) were relatively
low, (De Gregorio, [2011a)). The Central Bank decided to increase the amount of
reserves in 5 percentage points of the GDP (US$ 8 billion). In September 2008,
the Central Bank abandoned the plan following Lehman Brothers’ collapse, after
accumulating only US$ 5.75 billion (around 75% of the original reserve acquisi-
tion plan). Finally, the last intervention occurred in January 2011, the Central
Bank decided to intervene, increasing its foreign exchange reserves from 13 to
17% of the GDP. A consequence of these two sterilized interventions the currency
mismatch between assets (reserves in hard currencies) and liabilities (currently
issued only local currency) has increased.
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2008 FINANCIAL CRISIS

In September 2008, motivated by the foreign currency liquidity situation expe-
rienced after the Lehman Brothers collapse. The Chilean Treasury decided to bid
US$ 700 million in US dollar deposits at 3.39%, and also injected US$ 1.05 billion
in the local financial system from the Sovereign Wealth Funds. In addition, the
Central Bank decided to offer liquidity in local and foreign currency though swaps
and repos with local banks. As (Garcia Cicco and Kawamura, 2014) document,
the collateral assets accepted by the Central Bank, in a first phase (starting in
October, 2008) were only banks deposits, while in a second phase (from January,
2009) the list was further expanded, including government bonds.

In conclusion, the Central Bank holds reserves to ensure the stability of the
value of the national currency, and provide liquidity in foreign currency in specific
exceptional circumstances, (of Chile, 2012). In absolute terms, Chile currently
has US$ 39.7 billion, a 16% of the GDP and 27.6% of the M2. In Figure [1| we
can see the three most common benchmarks used to evaluate the size of foreign
exchange reserves. Chile has a level of reserves above the different rules, three
months of imports is equal to 7.01% of GDP, the Guidotti rule implies a 5.66%
of GDP and IMF (2011) would be equivalent to 7.4% of GDP['}

B. Systematic Factors

As a starting point, we describe a set of factor models that mimic different
global systematic risks that explain the variation of investable assets, as well
as, the relevant liabilities for the Central Bank. The global version of the three
factor model, (Fama and French| [2012), is a natural benchmark used in the liter-
ature. The Fama-French 3 factor model (FF3) includes: the market risk premium
(MRP), Small minus Big (SMB), and High minus Low (HML). In the interpre-
tation of (Vassalou, 2000), the market risk premium would be mainly related to
surprises in GDP growth, while the SMB and the HML factors are mainly related
to systematic default risk. The global version of the five factor model, (Fama and
French, [2017), adds a robust versus weak profitability (RMW), and a low ver-
sus high investment (CMA) factorﬁ In a production asset pricing model, (Hou
et al.l 2014) show how these two new factors are a consequence of firms rational
investment policies. (Chen et al., [1986) propose a macroeconomic founded factor
model that takes the market risk premium (MRP), inflation surprises, industrial
production surprises, the term premium (TP) and the expected inﬂationﬂ

"The IMF (2011) rule is implemented as the sum of 40% of the foreign short term debt, 5% of M3
and 5% of total exports.

8The global version of the Fama-French factors are available in Kenneth French’s website.

9In our implementation of the model we measure inflation surprises and industrial production surprises
using the global version of Citi’s inflation and economic surprise indexes that are available in Bloomberg.
The term premium (TP) is measured by the excess of high duration bonds (BofA Merrill Lynch 10+ Year
US Treasury Agency Index) over short term Treasury bills (BofA Merrill Lynch US 3-Month Treasury
Bill Index). The expected inflation is measured by the difference in the average yield of a nominal global
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Finally, I propose a set of other factors that can be potentially important. A
Economic factor, that is constructed as the excess of return of equities (MSCI
ACWI Index), commodities (Bloomberg Commodity) and real estate (SP Global
REIT Index) over short term Treasury bills; a Credit factor that is constructed as
the excess of return of high yield bonds (BofA Merrill Lynch US High Yield Index)
over investment grade corporate bonds (BofA Merrill Lynch 1-10 Year AAA-A
US Corporate Government Index); a EM equities factor that is constructed as
the excess of return of emerging market stocks (MSCI Emerging Markets Index)
over the stocks of developed markets (MSCI World Index); a liquidity factor that
is constructed from the differential return of global small (MSCI World Small
Cap Index) and large stocks (MSCI World Large Cap Index); a Real Rates factor
that is measured by the return of inflation linked bonds (Barclays World Inflation
Linked Bonds Index); an Inflation factor that is constructed by the differential
return between nominal ((BofA Merrill Lynch-Global Government Index) and
inflation-linked bonds (Barclays World Inflation Linked Bonds Index); a Carry
Trade factor, (Burnside et al., 2011)), that is measured by the return of investing in
currencies of countries with high interest rates versus low interest rate currencies
(Deutsche Bank Currency Carry USD Excess Return Index); a Commodity factor
that is constructed as the excess of return of commodities (Bloomberg Commodity
Index) over short term Treasury bills; a Emerging Market Currency factor that
is constructed as the return of a basket of relevant emerging marekt currencies
against the US dollarm

C. Liabilities

From the Chilean Central Bank perspective I assume that the relevant liabilities
are the explicit debt outstanding, as well as, contingent liabilities related to finan-
cial sector solvency and foreign liquidity provision. The risk exposure to explicit
liabilities is measured from a total return index of bonds issued by the Central
Government and the Central Bank in local currency provided by Riskamerica,
a private company that provides fair value pricing for the Chilean fixed income
market, Figure

On the other hand, I estimate the risk exposure to contingent liabilities ap-
plying the methodologies described above. Firstly, I estimate the value of the
liability associated to financial sector solvency following the option pricing ap-
proach. As we have described above, relevant parameters that are needed are: 1)
The volatility of equity of banks, that is obtained from a GARCH (1,1) estimation
on monthly returns of the MSCI Chile Banks index (1989-2016); ii) The assets
and liabilities of banks, obtained annually from the Superintendency of Banks

bond index (BofA Merrill Lynch Global Government) and the inflation-linked global bond index (BofA
Merrill Lynch Global Inflation-Linked Government).

10The emerging market currency basket is calculated as an equally weighted return between
CNY/USD, BRL/USD, RUB/USD, INR/USD and ZAR/USD, such that a positive return is equal to an
appreciation of EM currencies.
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and Financial Institutions. In the Figure [3] I present our estimated cost of the
liability as a percentage of $1 of the underlying asset. The variations in the mar-
ket value of the liability related to the provision of a bailout, can be calculated
as the monthly percentage of estimated value. Alternatively, we can estimate the
returns related to the contingent liability of providing a financial bailout, from
the absolute value of the residuals that are below the 5th percentile of residuals,
obtained from the regression of the MSCI Chile Banks index on the MSCI Chile
index. As we can see, this will imply that the estimated returns will follow a jump
style process. In Figure |3 we document: (a) the estimated market value of the
contingent liability, following the option pricing methodology; (b) the returns of
the contingent liability estimated as the changes in the estimated market value;
(c) the returns of the contingent liability estimated from the idiosyncratic returns
methodology.

Secondly, I estimate the value of the liability associated to liquidity in for-
eign currency. As we have described above, relevant parameters that are needed
are: i) The long-run interest rate spread in foreign currency, that is obtained
from a Hodrick-Prescott filter estimation on the spread between the borrowing
rate in foreign currency paid by the Chilean financial sector over the Libor-3m
(1992-2016); ii) The volatility of the interest rate spread that is obtained as the
sample standard deviation of the spread; iii) The external short term debt of
Chile. In Figure [ I present our estimated cost of the liability as a percentage of
the GDP. The variations in the market value of the liability related to the provi-
sion of foreign, can be calculated as the monthly percentage of estimated value.
Alternatively, we can estimate the returns related to the contingent liability of
providing foreign liquidity from the absolute value of the returns that are below
the 5th percentile of returns of the JPM EMBI Global Chile — Total Return
Index. In Figure [4| panel (c), the estimation based on the returns’ methodology
is documented.

Finally, we construct four liabilities portfolios based on the different method-
ologies used to estimate each component of the contingent liabilities, and also the
relative size of the different components that are assumed to construct the port-
folios. Firstly, we can estimate the relative size of each components, as: i) The
explicit Central Bank debt (7% of GDP); ii) The contingent liability associated
to a financial bailout (0.5% of GDP), calculated as the average cost presented in
Figure 3 multiplied by an average Credit to GDP (IMF) of 62%; iii) The con-
tingent liability associated to foreign liquidity (7% of GDP), calculated as the
average external debt to GDP (IMF). Alternatively, we consider a 10% weight
for the explicit debt, and equal weights for the two contingent liabilities analyzed

(45%).
D. Factor Models

We start from a large set of asset classes that include government and corporate
fixed income, investment grade and high yield bonds, developed and emerging
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market bonds and equities, and derivatives. In Table [I] I estimate time series
regressions for the Global Fama-French 3 Factor Model. As we can see, from
these regressions we can learn from the exposure of different assets to the relevant
systematic risks. For example, we can see that the MSCI Chile has a positive
exposure to the three factors, and the three factors can explain 26.7% the variance
of returns. While the Put Option SP index has a negative exposure to the Market
Risk Premium, and positive exposure to the other two factors, and the fraction
of the variance that is explained by the model is 34%.

Similarly, in Table 2] we document the time series regressions for the Global
Fama-French 5 Factors. In Table [J] the Chen, Roll, and Ross Model regressions
are documented

Finally, in Table 4] to Table [7] we calculate the same time series regressions for
the macro-factors that are statistically related to the estimated variation of the
market value of Central Banksliabilities ]

As we can see, certain models are either better explaining the variation of
equities or fixed income assets. Therefore, having different factor models will
allow us to learn how important is being able to explain the variation of traded
assets versus the non-tradable liabilities.

E.  Optimal Factor Allocation

Given the factor models, and the returns of the liabilities portfolios described
above. In Figure [j] to we document the optimal factor allocation for each
factor-liabilities combination. As we can see, from the analytic solution of the
optimal portfolio, the allocation depends on the expected risk premiums, the
correlation among factors, and the correlation of each factor with the liabilities
portfolio. For example, in Figure |5| we show that at low levels of risk aversion,
significantly high long positions in the HML factor are calculated. Conversely,
in Figure [6] we show that the optimal factor allocation would be a long position
in the RMW factor and a short position in the HML factor. As is well known
from the mean-variance optimization literature, changes in parameters have large
impacts in the optimal allocation. Consequently, the decision with respect to the
relevant factor model, and the risk aversion parameter, are key steps of the asset
allocation process.

F.  Portfolio Replication

The optimal factor allocation could not be be investable directly.However, cur-
rently there are ETF's that intend to replicate the most common risk factors such
as iShares Russell Microcap Index IWC (Size), Guggenheim SP 500 Pure Value
RPV (Value) or QuantShares U.S. Market Neutral Momentum Fund (Momen-
tum). Thus, I apply the replication method proposed in Section II.D, based on

11The macro-models used in Table |Z| to Table m are the combinations of at most three factors that
better explain the variation (adjusted — R?) of each of the proposed liabilities portfolio returns.
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the asset classes’ exposure to the systematic risks that are estimated by each
factor model, presented in Figure to Figure including equities and short
sales constraints. As we can see, in Figure [I2]1 present the asset allocation for the
Fama-French 3 Factor Model by each of the proposed proxies of Central Bank’s
liabilities portfolio, considering only fixed income assets. As we can see, at lower
level of risk aversion the optimal reserves portfolio would be 100% in High Yield
Bonds, while at higher level of risk aversions the reserves’ portfolio is more diver-
sified toward government bonds of developed markets and Chinese money market
instruments. Similar results are presented in Figure [I3] for the Fama-French 5
Factor Model. In Figure [I4] we show the fixed income replicating portfolio for
the Macro Model I. As we can see, the portfolios are more exposed to US Trea-
suries, and the diversification is shifted to Korean money market instruments,
High Yield bonds and emerging market bonds in hard currency. In Figure
the replicating portfolio for the Macro Model II is mainly exposed to Chinese
money market instruments. In the case of the Macro Model III, Figure the
largest weight in the portfolios are emerging market bonds in local currency. In
Figure the allocation for the Macro Model IV is mainly concentrated in global
inflation-linked bonds and Australian government bonds. Alternatively, we can
replicate the optimal factor allocation for a broader set of asset classes. In Fig-
ure I present the results for the Fama-French 3 Factor Model. As we can
see, the most important asset classes are Copper, developed countries equities
and put options on the SP 500. In Figure I present the results for the Fama-
French 5 Factor Model, the most important asset class is Japanese equities. For
the Macro Model I, in Figure the most important assets are swaptions and
Global Government bonds. In Figure 2] the results for the Macro Model II show
that the most important assets are emerging market equities and swaptions. The
results presented in Figure [22| are the replicating portfolios for the Macro Model
III, the most important assets are swaptions and put options on the SP 500. In
Figure the Macro Model IV replicating portfolios are mainly exposed to the
global inflation-linked bonds.

G. FEvaluation the Replicating Portfolios

As we have seen, the decision with respect to the relevant factor model, the risk
measurement of the liabilities portfolio, or the risk aversion of the Central Banker
influence the asset allocation significantly. In order to compare the different
replicating portfolios obtained by factor model and liabilities portfolio proxy, I
apply the protective put strategy proposed in the methodological section to the
portfolios that are consistent with an arbitrary risk aversion of 20. Therefore, for
each of the selected portfolios I estimate the in-sample volatility of the historical
monthly returns. The main input to estimate the allocation in the risk-free asset
that would be needed to replicate a protective put of an at-the-money put option
on the risky portfolio. As we can see, in Figure [24] we document the allocation in
the risk-free asset that is obtained by the proposed protective put strategy. The
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fixed income strategies tend to be less volatile, and consequently they require a
lower investment in the risk-free asset.

Considering the different replicating portfolios weighted by their required allo-
cation in the risk-free asset, I provide a quantitative comparison for the models
that we have proposed, as well, different proxies of the liabilities that are relevant
for the Central of Chile. In Figure we show the relevant metrics for the fixed
income spectrum, yield give-up, tracking error of liabilities, and maximum draw-
down. Similarly, in Figure [25] we document the same metrics for the replicating
portfolios constructed for the broader spectrum of assets.

Given the metrics, in Figure 27] we can calculate the z-score for each metric,
and calculate the total score by factor model and proposed liabilities portfolio
proxy (lower is better). Interestingly, we can see that the total scores tend to
favor factor models that include macroeconomic factors, that are usually not
supported by the data in the empirical asset pricing literature. For example, if we
consider only fixed income strategies, and the Liabilities 1 and 4, the replicating
portfolio with the best score is the Macro Model II; in the case of Liabilities 2
the best replicating portfolio is the Macro Model IV; for Liabilities 3 is Macro
Model II. On the other hand, if we consider the entire spectrum of investable asset
classes, we can see that the best replicating portfolios are the Macro Model IV, for
Liabilities 1, 2 and 4, the Chen, Roll and Ross for Liabilities 3. In Figure we
document the composition of the risky portion of the reserves portfolio that would
be selected given by the z-score rule, and a fixed income spectrum. In this case,
Asia Pacific government bonds are include in the allocation, as well as, European
bonds or US Treasuries in the case of Liabilities 3. Conversely, in Figure we
show the portfolios that would be selected if there is no restriction to the fixed
income spectrum. Interestingly, the portfolio allocation change significantly. A
global diversified index of inflation-linked bonds is important in three of the cases,
emerging market bonds and equities, commodities such as gold, and derivatives
have important weights in the allocation.

Independently of the rationality behind the amount of reserves that a Central
Bank hold, countries desire to minimize the so-called ’yield give up’. In other
words, they prefer to reduce the social cost of holding reserves, that tend to exist
because reserves are invested in lower-yielding assets with respect to its cost of
funding.

IV. Conclusion

Central Bank reserves have continued to be important in a world that is dom-
inated by floating exchange rate systems. In this paper, we think about reserves
as precautionary savings that allow Central Banks fulfill its role of lender of last
resort. Something that was specially clear during the Great Recession, when
they had to provide liquidity in foreign or local currency, and deal with solvency
problem of financial institutions. This buffer that Central Banks hold is invested
taking into account the expected return of the investments, minimizing the social
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cost of holding reserves, and the value of the assets at moments of financial stress.
At the same time that Central Bank decisions are affected by capital preservation
requirements, reputational risk, or restricted investment universe. In this paper
I propose an asset allocation methodology for Central Bank reserves. I assume
that Central Banks are risk averse mean-variance agents that care about a specific
number of observable risk factors. As a result, we start from an institution that
decide a factor allocation in an asset-liability framework. The relevant liabilities
are composed by explicit debt that pays a variable cost that is observable, and
two unobserved contingent liabilities that are related with a potential bailout of
the banking sector and the provision of foreign liquidity. In addition, I include
a capital preservation motives applying a protective put strategy. Finally, given
the relevant investment universe, we search for the investable portfolio that has
the desired systematic risk exposure, and balance the different objectives of the
Central Bank (yield give-up minization, hedging of liabilities, and capital preser-
vation). I illustrate the model for the case of Chile, a small open economy that
is exposed to commodities. Based on different assumptions, I propose proxy-
measures for the liabilities that the Central Bank of Chile faces. On the other
hand, I estimate different factor models that incorporate numerous systematic
risks. Importantly, we find that factor models that are based on macroeconomic
factors lead to a better balance of the different objectives. I also find that, if we
focus on fixed income strategies the portfolios that result include Asia Pacific
government bonds, European bonds and US Treasuries. However, if a more ample
spectrum of assets is considered, a more global diversified index of inflation-linked
bonds is chosen, emerging market bonds and equities, commodities such as gold,
and derivatives, such as swaptions or put option are also includedB

12The returns of the put option and swaptions contracts are measured from the CBOE SPX Volatility
Index and the Merrill Lynch Swaption Option Volatility Estimate 3 Month Index respectively, following
the methodology described in the Appendix.
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V. Appendix
A.  Put Option and Swaption Returns

The put option returns are estimated from the CBOE SPX Volatility Index.
Taking the historical implied volatility (o) and the 3-month Treasury bill yield
(r¢), the price of a 1-month at-the-money put option is calculated using the Black-
Scholes formula, as follows:

,
P, = N(—d2)€xp(—é) — N(—dy)

1 re+02/2

(10) dij=————(ogl++""t/%
b 1/12( & )

oy = dy — ap1/1/12

where N (-) is the standard normal cumulative distribution function.
The historical returns of put options would be given by:

(11) rpt = Pt+1/Pt -1

The swaption returns are estimated from the Merrill Lynch Swaption Option
Volatility Estimate 3 Month Index. Taking the historical implied swaption volatil-
ity (0s:), the 2Y/3m interest rate swap (rx.), and the 6m, 1Y, 1.5Y, and 2Y
zero-coupon rates (ro7,), the price of a 3-month at-the-money swaption on the
2Y /3m swap is calculated using the Black formula, as follows:

4
Sy = Z Z(0,T;)(rk N (dit) — rN(d2y))
=1

1 1
diy = ————1logl + —054v/3/12
1,t = 3/12 g B St /

d2,t = dl,t —0StV 3/12

where Z(0,T;) is the discount factor at ro,, (4 coupon payments at time 7j).
The historical returns can be calculated as the relative change in prices.

(12)
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Figure 2. : Returns of Market Value of Debt
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Figure 11. : Optimal Factor Allocation / Macro Model IV by Liabilities Portfolio
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Figure 16. : Replicating Factor Portfolio / Macro Model III / Fixed Income Set
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